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Abstract 
It is a fundamental problem to find a good approximating mesh of a given smooth surface 
and compare geometries of these two. Such as the current work of U.Pinkall and K.Polthier 
[7–9], M.Alexa and M.Wardetzky [1], and A.I.Bobenko and Y.Suris [2,3], the study of the 
discrete object, which as the approximation of a given smooth surface has been intensively 
done from the view of polyhedral surfaces, especially triangulations of a geometric surface. 
The present thesis, however, attempts to consider this problem in an opposite way, that 
is, how to identify a hidden smooth surface from a given discrete object. More precisely, 
we call a given trivalent graph in E3 a discrete surface, which is first studied by M.Kotani, 
H.Naito, and T.Omori in [5]. In their work, subdivision sequences of topological graphs 
are realized by standard realization, however, the convergence is hard to analyzed because 
of the lack of local control. We improved their theory and provide a method to construct 
the subdivision sequence, discuss the convergence and find the limit as the continuous 
underlying surface. 
Let X be a topological trivalent graph. Let V = {vi|i ∈ ZI} denote the set of vertices,  
E ⊂ {eij|eij = {vi, vj}, i, j ∈ ZI} denotes the set of edges. For any v ∈ V, Ev refers to 
the set of edges that emerge from v. In particular, we treat a circuit (a closed simple 
curve without self-intersections) as a ring of X. An n-ring is r = {v0 ,..., vn−1} with 
the ordered vertices vi ∈ V in the circuit of the length n. R = {rk|rk = {vk0  ,...,vkn-1 }, 
k = {k0, ..., kn−1}, ki ∈ ZI} denotes the set of rings. 
Definition (Discrete Surface). An injective piecewise linear realization Φ: X → E3 of a 
trivalent graph X is said to be a discrete surface in E3 if 
1. for any v ∈ V, at least two elements of {Φ(e)|e ∈ Ev} are linearly independent in 
E3, where Φ(e) is determined by the vertices of e, e.g., Φ(e) = Φ(V(e)). 
2. Φ(X) is locally oriented, that is, the order of the three edges is assumed to be 
assigned to each vertex of X. 
Given a discrete surface Φ: X → E3, let M = Φ(X) be the image of X, V = {v = Φ(v)|v 
∈ V } be the image of vertices, E = {e = Φ(e)|Φ(e) = Φ(V(e)), e ∈ E} be the image of 
edges, R = {r = Φ(r)|Φ(r) = Φ(V(r)), r ∈ R} be the image of rings. 
Now we introduce the construction. Let {Xi}i be a sequence of Goldberg-Coxeter 
constructions [4] iterationally constructed from X0 = X. For a given Mi = Φi(Xi), its 
subdivision Mi+1 is construct by the following two steps: 
1. Solving the Dirichlet energy minimizing equation for Xi+1 with the boundary 
condition Φi(Xi). 
2. Replace Φi(Xi) by the barycenter of its nearest neighbors and rename it as 
Mi+1.  
We call {Mi}i the GC-subdivision sequence of M. By discussions on the local Dirichlet 
energy, we prove the convergence of the GC-subdivision sequence in Hausdorff topology. 
Theorem 1 ([11]). The sequence of discrete surfaces {Mi}∞i=0 that are constructed by GC-      
subdivisions forms a Cauchy sequence in the Hausdorff topology. 
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The limit set M∞ of this sequence in the Hausdorff topology is divided into three types: 
M∞ = MR ∪ MV ∪ MS. 
MR is the set of accumulate vertices of all the rings. MV is the set of all the inserted 
vertices. MS emerges as a global accumulation. To avoid the third part MS, we define the 
un-branched surface and prove the following theorem. 
Theorem 2 ([6]). Let M0 = {V0, E0, R0} be a be a trivalent graph in E3 satisfies 
1. Each edge of M0 is shared by two rings at most. 
2. Any two rings intersect at one edge or empty. 
3. For any two n-rings ri and rj ∈ R0, the convex hull conv(N(ri)) of the 
one-neighborhood N(ri) of ri and the convex hull conv(N(rj)) of the 
one-neighborhood N(rj) of rj intersect when either ri and rj share a common edge 
or there is a ring ri ¤ rj as the common one-neighbor of ri and rj. 
Then M∞ = MV ∪ MR. 
We also consider the monotonicity of the Dirichlet energy and prove its relation with 
the topology of the discrete surface. 
Theorem 3 ([6]). Let {Mi}∞i  be the sequence of discrete surfaces constructed from a finite 
discrete surface M0 which at least has one n-ring that is not 6-ring.The Dirichlet 
energy of Mi is bounded from above by the constant independent of n. Moreover, it is 
monotone decreasing after enough steps if there is no n-ring with n > 6, conversely, 
it is monotone increasing  after enough steps if there is no n-ring with n < 6. 
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論文審査の結果の要旨 
 
 
審査は、公開の審査発表会において TAO Chen（陶辰）氏より博士論文「Convergence of 
subdivision sequences of discrete surfaces（離散曲面細分列の収束）」に関して口頭で
の発表が行われ、その後、本専攻教授会構成員による論文内容に関する質疑応答、引き続き
審査会による研究能力と学識の確認が行われた。 
 
本論文は、与えられた離散曲面の背後に隠れた連続曲面を特定するために、離散曲面を細分
して得られる離散曲面列を定義し、この収束と極限曲面を調べたものである。応用面では、
連続な曲面に対して、その幾何学量を数値計算するために曲面を近似する離散曲面を定義し
たり、多面体を滑らかにしたりするための手法は特にコンピューター・グラフィックス等に
おいて研究されてきた。本論文はそれらとは逆方向の問題意識に基づいている。3 次元空間内
のグラフは立方格子のように 3 次元的に見えるものもあるが、カーボン・ナノチューブやフ
ラーレンのように 2 次元の曲面のように見えるものもある。「曲面」と考え得るようなグラ
フはどのような性質を持つのかを数学的に定式化することにより「離散曲面」という概念を
定義し、離散曲面の幾何学理論を構築することを目的としたものである。 
具体的には、3 分岐グラフを「接平面」をもつことの離散近似とし、その位相的グラフとし
ての Goldberg-Coxeter 細分により、位相グラフとしての細分列を定義する。更に、これらを
Dirichlet エネルギーを最小にする実現として 3 次元空間の中に実現することで幾何学的グラ
フの細分列が一意的に求まる。このことにより「離散曲面」の細分列を構成し、Hausdorff 位
相による収束を証明した。また、極限曲面に現れる特異点について研究した。 これは離散曲
面論の基礎となる重要な結果であり博士論文として適切である。また、幾何学、組み合わせ
論、解析学など数学における異なる分野の知識を組み合わせる手法を用いているが、そのた
めの幅広い知識を自力で修得し、新しい幾何学の開発に意欲的に取り組んだ成果である。 
 
 
以上、自立して研究活動を行うに必要な高度の研究能力と学識を有することを示している。
したがって，Tao Chen 提出の博士論文は，博士（理学）の学位論文として合格と認める。 
 
 
 
 
 
 
 
 
 
 
 
 
